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Since Parikh and Wilczek's tunneling method was proposed, there have been many 
generalizations, such as its application to massive charged particles' tunneling and 
other spacetimes. Moreover, an invariant tunneling method was also recently pro- 
posed by Angheben et al that it was independent of coordinates. However, there 
are some subtleties in the calculation of Hawking radiation, and particularly is the 
so-called factor of 2 problem during calculating the Hawking temperature. The most 
popular opinion on this problem is that it is just a problem of the choice of coor- 
dinates. However, following other treatments we show that we can also consider 
this problem to be that we do not consider the contribution from P (absorption). 
Moreover, we also clarify some subtleties in the balance method and give some com- 
parisons with other treatments. In addition, as Parikh and Wilczek's original works 
have showed that if one takes the tunneling particles' back-reaction into account, the 
Hawking radiation would be modified, and this modification is underlying consistent 
with the unitary theory, we further find that this modification is also underlying 
correlated with the laws of black hole thermodynamics. Furthermore, we show that 
this tunneling method may be valid just when the tunneling process is reversible. 
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I. INTRODUCTION 

In 2000, Parikh and Wilczek proposed a new method to reconsider the Hawking radiation. 
Besides treating the Hawking radiation as a tunneling process, they also took the tunneling 
particles' back- reaction into account. And after that, they obtained the corresponding mod- 
ified spectrum. The most interesting result was that they found this modified spectrum was 
implicitly consistent with the unitary theory and could support the conservation of informa- 
tion jl-4|. Following this tunneling method, there have been many generalizations, such as 
its application to other spacetimes and the massive charged particles' tunneling cases 



In addition, it can also be used to calculate the black hole temperature [50| (Note that the 
semi-classical tunneling method for Hawking radiation has also been separately proposed 



by G.E. Volovik in 



51 



52j). However, Parikh and Wilczek's tunneling method is depen- 
dent on coordinates, which means that it should find a Painleve-like coordinates. Recently, 
Angheben et al found an invariant tunneling method which was independent of coordinates 



and called the Hamilton- Jacobi tunneling method to calculate the Hawking temperature 53]. 



This variant tunneling method could also be considered as an extension of the method used 
b y Pad—an et a, QQ. 

In the above two tunneling methods, they both involve calculating the imaginary part 
of the action for the (classically forbidden) process of s-wave emission across the horizon. 
And according to the WKB approximation, the tunneling probability usually related to the 
imaginary part is 

T oc exp(— 2Im£ r ou t) = exp(— 21m / p r dr). (1.1) 



where S is the action of the trajectory. Thus if we ignore the tunneling particles' back- 
reaction effect, we can give the Hawking temperature from 

T oc exp{-21mS out ) = exp(-/3u;). (1.2) 

where (3 is the inverse temperature of the horizon and u is the energy of the tunneling 
particle. In other words, the Hawking temperature can be recovered at linear order when 



2lmS out = f3u + o(u 2 ), and t 



from energy conservation 50 



re higher order terms self-interaction effect resulting 



59 



61] . However, recently some authors proposed that the 



formalism lmS ou t =Im f r ° ut p r dr in (11.11) was not invariant under canonical transformations 

Tin, I I I 



thus the tunneling probability was not a proper observable 62 



65[ . Moreover, if we calculate 



3 



the imaginary part of the action in different coordinate systems by using the Hamilton- Jacobi 
tunneling method and (jl.ip . we can obtain different results which means obtaining different 
temperatures. For example, if we calculate the Schwarzschild black hole's temperature in 
Schwarzschild static coordinates by using the Hamilton- Jacobi tunneling method, we will 
obtain the temperature T = 1/ 47rM, which is twice the temperature originally calculated 



by Hawking or other methods 



54 



58 



66 



76]. It is the so-called factor of 2 problem \G3h 
651 ] . Note that, however, if we also use (11 .ip and the Hamilton- Jacobi tunneling method to 



calculate the Hawking temperature in the Painleve coordinates, we will obtain the correct 
Hawking temperature. Thus it can be naturally simply considered the factor of 2 problem 
just as a problem of the choice of coordinates. However, there are also other treatments. 
And basically expect to generalize the tunneling method to be independent of coordinates, 
Angheben et al in the original paper of the Hamilton- Jacobi tunneling method have proposed 
a treatment to solve this problem. And they argued that one had to make a change of 
some spatial variable to be the corresponding proper spatial variable defined by the spatial 
metric 53(. However, as Akhmedov et al found that it couldn't in fact solve the factor 
of 2 problem, which could be simply understood from the fact that the simple change of 
spatial variable shouldn't change the value of the integral (more details of argument could 



be seen in the references 



53 



63 



651 ]. and the key point is that the contour associated with 



the divergent part of the integral is also changed after making the radial variable to be the 
proper spatial variable). Thus, following the treatment of generalizing the tunneling method 
to be independent of coordinates, some authors argued that perhaps there was a temporal 
imaginary contribution from the time part of action which was usually neglected in previous 



works 



63 



65J. And others proposed that an integration constant should be inserted into the 
action like S = J^ out p r dr + C, in which the constant C may also give the contribution to the 
imaginary part of the action [7^, H]- m this n °t e > we show that we can also consider this 
problem not as a problem of the choice of coordinates but the problem that we do not consider 
the contribution from P (absorption). And we show again that if we consider the thermal 
balance and take the tunneling probability such that T oc P(emission) / P '(absorption) (the 
so-called balance method), there is no the factor of 2 problem, as have been implicated 



54 



58| . In addition, this 



by some previous works which recover the Hawking temperature 
tunneling probability is invariant under canonical transformations. Furthermore, we also 
clarify some subtleties in the balance method and give some comments and comparisons 
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with other treatments. And here the meaning of showing again is that some authors have 
also considered the thermal balance before but they gave the different result that the balance 
method could not solve the factor of 2 problem 77]. 

In addition, note that the back-reaction of the tunneling particles is neglected when we 
recover the usual Hawking temperature. And if one takes the back-reaction of the tunneling 



particles into account 



59 



611 ]. the Hawking radiation would be modified. In Parikh and 



Wilczek's original works they have showed that if one takes the tunneling particles' back- 
reaction which comes from the conservation of energy into account, the modified spectrum 



could also be calculated by the tunne 
consistent with the unitary theory 



ingmethod. And the modified spectrum is underlying 



-|4j. In this note, by taking the general Reissner- 
Nordstrom black hole (R-N black hole) and kerr black hole as examples 5|, |6[, we could 
further find that this modification is also underlying correlated with the laws of black hole 
thermodynamics. Furthermore, we show that this tunneling method may be valid only when 
the tunneling process is reversible 79 1. 

The outline of our paper is as follows. In Sec. II, by taking also the simple Schwarzschild 
black hole as an example, we emphasize that the balance method could indeed solve the 
factor of 2 problem well. And we also clarify some subtleties in this method and give 
comparisons with other treatments. In Sec. Ill, we take the R-N black hole and kerr black 
hole as examples to show the underlying correlation between the modification spectrum and 
the laws of black hole thermodynamics. Section. IV. is devoted to conclusion and discussion. 

II. THERMAL BALANCE'S TUNNELING PROBABILITY AND THE 

TEMPERATURE 



The Schwarzschild black hole in the static coordinates is 



, 2 . 2M. , 2 „ 2M X i 2 2 ,^2 

ds 2 = -(1 )dt 2 + (1 )~ 1 dr 2 + r 2 dtt 2 . 



(2.1) 



In the Hamilton- Jacobi tunneling method, the classical action S of the tunneling particle 



satisfies the relativistic Hamilton- Jacobi equation 50 



53 



63 



g^dpSdvS + m 2 = 0. 



(2.2) 



For this metric and radial trajectories which are independent of 6, tp, the Hamilton- Jacobi 



5 



equation becomes 



- (i - ™r\d t sf + (1 - ™){d r sf + m 2 = 

As usual, due to the symmetries of the metric, there exists a solution of the form 



(2.3) 



where 



Solving W(r) yields 



S = -cot + W{r) 



d t S = -u, d r S = W'(r) 



(2.4) 



W{r) 



± 



dr 



tu 2 — m 2 (I — 



2M, 



(2.5) 



(1-^) 

where the +(— ) sign in front of this integral expresses the ingoing (outgoing) particles. Thus, 
it can be easily found that if we simply consider the tunneling probability 

i-2M+e 



T oc exp(— 2ImS ou t) = exp(2Im / 

J2. 



dr 



2M-e 



2M \ 
r I 



ijj- 



m 2 (l 



2M 



)) = exp(-47rMa;) 



(2.6) 



where the contour lies in the upper complex plane and the minus dropped in front of the 
imaginary part _of the action corresponds to the initial condition that d r S > at r 
2M - e < 2M 



54 



581 ]. we will obtain the Hawking temperature T = l/AirM. 



50 



t is twice 



63|-|65|. That 



the temperature originally calculated by Hawking and other methods 
is the so-called factor of 2 problem. However, if we also use ( II -ip and the Hamilton- Jacobi 
tunneling method to calculate the Hawking temperature in the Painleve coordinates, we will 
obtain the correct Hawking temperature. And the Painleve coordinates could be obtained 
by the following transformation from the Schwarzschild coordinates 



t^f-tp — 



and the metric in the Painleve coordinates is 
ds 2 = -0 



1 - 2M/r 



dr 



(2.7) 



-)dt; + 2 



2 1 °- ' dt p dr + dr 2 + rW 



(2.8) 



where one of the advantages in this coordinates is that the metric is regular at the horizon 
4j (note that here the contour of the divergent part of the integral in the Painleve coordinates 
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is the same as that in the static Schwarzschild coordinates, which is different from the contour 
in the proper spatial variable coordinates referred in f^). In addition, another well-known 
point is that the original tunneling method first proposed by Parikh and Wilczek should 
be calculated in the Painleve coordinates. Thus it can be naturally simply considered the 
factor of 2 problem just as a problem of the choice of coordinates. However, there are also 
other treatments which expect to generalize the tunneling method to be independent of 
coordinates. And some authors argued that when calculating the Hawking temperature in 
the Schwarzschild static coordinates perhaps there was a temporal imaginary contribution 
from the time 63N65j| , while some authors thought that one should consider the integration 
constant C when yields W(r) in (12.51) 77 . 7s|. Here, what we will show is mainly that we can 
also consider it not to be a problem of the choice of coordinates but to be the problem that we 
do not consider the contribution from P (absorption). And we show again that if we consider 
the thermal balance and take the tunneling probability as T oc P(emission) / P(absorption) 



(the so-cal 



ed balance method), there is no the factor of 2 problem as some works have 



implied |54H58l l80| , which could be easily checked in the static Schwarzschild coordinates as 



a simple example that 

P(emission) exp(-2ImS' out ) exp(-4vrMa;) 

T oc — — — = — - — — ^ = — — — — - - = exp(— 8ttMuj) (2.9) 

P(absorption) exp(— 2ImSj ra ) exp(47rMu;) 

which can recover the Hawking temperature T = l/8nM. It should be noted that although 
the above treatment has already been proposed by T.Padmanabhan et al, there are some 
subtleties in this method. And these subtleties may be the direct motivation of the other two 
treatments. The first subtlety is that P (absorption) in (I2.9P is greater than unity. Thus, if 
it is considered as the absorption probability, it would be unphysical. However, considering 
P(absorption) as the absorption probability is not suitable here because we have neglected 
the unitary factor in front of the wave function. And it can be easily checked out that con- 
sidering P(emission)/P (absorption) as the tunneling probability is always suitable. The 
second subtlety is that the tunneling probability T oc P(emission) / P (absorption) is indeed 
invariant under canonical transformations, which means that the tunneling probability has 
the same result in any coordinates. The third subtlety is that whether the time in ( 12.4f) 
can give the contribution to the imaginary part of the action. In the present status, we 
think that it is not necessary to consider its contribution. The main reason is just be- 
cause the temporal imaginary contribution from the time can be canceled automatically 
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in P (emission) /P (absorption). In fact, after some simple calculations, we could find that 



during the calculation in the Schwarzschild static coordinates the contribution from 



the 



exp(— 2lmSi n ) in ( \2.9\\ is just equal to the contribution from the time in references 63 



or the integration constant in references 77J, l78[. Moreover, it should also be easily found 



that the contribution from the exp(— 2ImSj n ) is just equal to unit in the Painleve coordinates 
(which is correlated with the order that the metric in Painleve-like coordinates should be 
regular at the horizon, then Si n is real), thus the tunneling probability is T oc exp(— 2ImSw) 
which is just the familiar formalism ( II. ip in the original tunneling method's treatment [l-4]. 
Thus it can also be considered as another underlying reason why it should find a Painleve- 
like coordinates and the tunneling probability in (11. ip can work well in the original tunneling 
method. 



III. THE MODIFIED HAWKING RADIATION AND ITS RELATIONSHIP 
WITH LAWS OF BLACK HOLE THERMODYNAMICS 



In the above section, we calculate the Hawking temperature by dropping effect of the 



59 



back-reaction of the tunneling particle. In this section, we take it into account 1 
611 ] . In Parikh and Wilczek's original works they have shown that the back-reaction effect 
will give a correction to the Hawking radiation (i.e, modified spectrum), and this modifi- 
cation is underlying consistent with the unitary theory and can support the conservation 
of information during the evolution of black hole jl-4]. In addition, it has also been found 
that this modification is underlying correlated with the laws of thermodynamics. Because 
although the behavior of massive particles' tunneling is different from that of massless par- 
ticles' tunneling, two integrations are the same after we first integrate the radial part during 
the calculation of the imaginary part of the action, and the integration is direct proportional 
to the inverse of the temperature. Moreover, this integration can be expressed as the for- 



32>36 



791 ] . In the following, taking the 



malism of laws of thermodynamics in some cases 
more general R-N black hole and Kerr black hole as examples, we further show that the 
underlying relationship between the modification and laws of thermodynamics is universal. 
Furthermore, we show that this tunneling method may be valid only when the tunneling 
process is reversible. 
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A. The R-N black hole 

Recently, Parikh and Wilczek's original works have been extended to the R-N black 
hole. As a general solution with a simple charge in Einstein equation, we first take it as 



an example. According to Ref jfj|, after taking the back-reaction of the tunneling massive 
charged particle into account, the imaginary part of the action for the classically forbidden 
trajectory is 

ImS* = Im{ J [p r — — — -]dr} 

Jn J(M,Q) [ r 2 -2Mr + Q 2 r 2 - 2Mr + Q 2 VJ 1 

.(M-u,Q- 9 ) , M+ v / M 2_g 2) 2 ( M+ ^ M 2_Q2 )Q 



= -7T / p / ? J -dM-± v g —dQ] 

J(m,q) ^/M 2 - Q 2 ^M 2 - Q 2 

= -|{[(M - u) + y/(M-Lo) 2 -(Q-q) 2 } 2 — [M + v/M 2 - Q 2 } 2 } 

= ~AS BH . (3.1) 

where A t = — is the first component of the 4-Dimensional electromagnetic potential, and 
PA t is the corresponding canonical momentum conjugate. As the conclusion discussed in 
Ref 6], from (13. ip we can easily obtain the modified spectrum and find that the original 
temperature of R-N black hole is just the case of neglecting the higher-order terms of u 
and q. Moreover, it can also be found that this modified spectrum is consistent with the 
underlying unitary theory, which supports the conservation of information. Here, we further 
show that an interesting result could also be obtained in the same equation ( 13.1 p if we 
start from the viewpoint of laws of black hole thermodynamics, which is expressed in the 
following. And the underlying relationship between the tunneling process and the laws of 
black hole thermodynamics may give a new insight into the tunneling process. 

As we know, for the R-N black hole, when a charged massive particle tunnels across the 
event horizon, the mass and the charge of black hole will be changed as a consequence. 



According to the first law of black ho 



equation of the R-N black hole is 81 



e thermodynamics, the differential Bekenstein-Smarr 



82) 



dM= ^-dA + VdQ (J = 0), (3.2) 
on 

Furthermore, if the tunneling process is considered as a reversible process, according to the 
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second law of black hole thermodynamics, (13. 2 j) can be rewritten as 

= TdS + VdQ. (3.3) 

Equally, it can be rewritten as 

^ ^ - m. (3.4) 



The temperature and the potential are respectively js] 



T yw^w v q , 35) 

2vr(M+ y/M 2 -g 2 ) 2 ' M + ^M 2 - Q 2 



Substituting (13. 5p into (13 .411 . we can obtain 



v/m 2 - g 2 y/M 2 - g 2 

Thus, using (13.61) we can rewrite (13.11) as 

J{m,q) ^M* - Q 2 V M2 - Q 2 

i r Sf i 

= — \ dS = --ASW (3.7) 

Which is also the same result as (13. ip . The difference is that the result in (13 .7p implicates 
that Hawking radiation via tunneling is correlated with the laws of black hole thermody- 
namics. 



B. The Kerr black hole 

As another general solution, the Kerr black hole spacetime with a simple angular momen- 
tum, we also take it as an example to show the relationship between the modified spectrum 
and the laws of black hole thermodynamics. For the sake of simplicity, we only investigate 
the case of a massless particle with angular momentum tunneling across the outer event 
horizon. 

According to Ref 5|, after taking the tunneling massless particles' back- reaction into 
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account, the imaginary part of the action for the classically forbidden trajectory is 

r r f r<ff 
ImS = Im[ / p r dr — / p^dip] 



Im| / / , ' ' =— (1 rd}[ 

' M 

\ / i i ' < i - )- — \ 1 1 - •< i i i r. 

-aQdrdM] 



I \J{r 2 + a 2 ) 2 - Aa 2 sin 2 9 
v/(r 2 + a 2 ) 2 - Aa 2 sin 2 6 



M 



P 2 - V P 2 (P 2 - A) 



2 ;;(.!/ 2 • .Uv 7 ^/ 2 o / •■ ~ -(/ 



vra 2 

rfM+ / dM 



M VM 2 - a 2 J M \/M*-a 



= tt[M 2 - (M - tu) 2 + MVM 2 - a 2 - (M - u)y/(M - tu) 2 - a 2 
= -^AS BH . (3.8) 
As the same discussion as that of R-N black hole, we next rewrite (13.81) from the viewpoint 



of laws of black hole t 



thermodynamics is 81 



rermodynamics. For the Kerr black hole, the first law of black hole 



82] 



dM = —dA + QdJ (Q = 0), (3.9) 

87T 

And if the tunneling process is a reversible process, we can obtain 

U=f-f£: (3.10) 

The temperature, the angle velocity and the angular momentum of Kerr black hole are 
respectively j^] 

VM 2 - a 2 a a , . 

T = ,Q = - - = ,J = aM. 3.11 

An(M 2 + My/ M 2 — a 2 ) r 2 + + a 2 2(M 2 + M^M 2 - a 2 ) 

Thus, substituting (13 .lip into (13.101) . we get 

,„ 4vr(M 2 + MVM 2 - a 2 ) , 27ra 2 

dS = — ; ~ dM - dM - 3.12 

VM 2 - a 2 VM 2 - a 2 

After comparing (13.121) with ( 13.8 j) . it is easy to find that we can also rewrite the imaginary 
part of the action as follows 

M ~ w -2tt(M 2 + MVM 2 - a 2 ) „ , f M ~ w na 2 



ImS = / * / / -dM+ / dM 

Jm VM 2 - a 2 J M VM 2 - a 2 

= _ i pMW3 <Jf _ w 

2 A/ VM 2 - a 2 VM 2 - a 2 J 

1 /"^ 1 

= -77 / dS=--AS B H. (3.13) 

which shows again that the Hawking radiation via tunneling is also correlated with the laws 
of black hole thermodynamics for the stationary axial symmetry case. 
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IV. CONCLUSION AND DISCUSSION 

In this paper, we mainly give a note and make a discussion on the Hawking radiation 
calculated by the quasi-local tunneling method. And we show that the original Hawking 
temperature will be recovered if we neglect the tunneling particles' back-reaction effect. And 
if we take the effect into account, the original Hawking radiation would be modified. 

During the calculation of original Hawking temperature, following the treatments which 
do not simply consider the factor of 2 problem just as a problem of choice of coor- 
dinates, we show again that the so-called factor of 2 problem could indeed be solved 
well by considering the thermal balance and taking the tunneling probability as T a 
P(emission)/P(absorption). Moreover, we also clarify some subtleties in this balance 
method and compare this treatment with other treatments. In addition, we also find out why 
the familiar formalism (11. ip works well in the original tunneling method proposed by Parikh 
and Wilczek. Because the underlying advantage of Painleve-like coordinates can make the 
P(absorption) to be unit. In spite of that, here we would also give some comments on other 



treatments. In the constant C treatment 



77 



781 ]. it may be a little unphysical since one 



essentially just picks C to be whatever is needed to get the original Hawking result. Thus 
there is no physical content in this approach. More mathematically notice that S is a definite 
integral (i.e. you have limits r in and r out ) thus there could be no integration constant. In 
addition, note that a direct motivation of this treatment is that because P(absorption) may 
be greater than unity. However, as we have discussed in Sec II, this is a subtlety in the 
balance method. And it is just because we neglect the unitary factor in front of the wave 



function. While in the treatment considering the temporal 



imaginary contribution from the 



time, although there are some works based on it |17|-|25L |63M65|. in fact, after we consider the 
thermal balance, the temporal imaginary contribution from the time could be considered as 
a redundance because it can be canceled automatically in P (emission) /P (absorption). In 
other words, if we do not consider the temporal imaginary contribution from the time, we can 



also have the same results such as the modified temperature in some previous works |17H25] . 
In addition, note also that the transformation in ( 12 . 71) can not be considered as the evi- 
dence that the Schwarzschild time has the temporal contribution. And it just shows how to 
get the non-singular coordinates defined in the whole region from two unconnected patches 
which have the same coordinate system. Therefore, in the present status, it is not neces- 
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sary to consider the temporal contribution. And in fact the contributions from the time (or 
the constant) is just equal to the contribution from exp(— 2ImSj n ) in the balance method's 
treatment. Note that, another interesting result may be also obtained after we considering 
P(absorption) in the tunneling probability. It is that the ratio between P(emission) and 
P (absorption) can be just the relative scattering amplitude viewed from the Damour-Ruffini 
method [68]. Thus the balance treatment may be underlying consistent with the Damour- 
Ruffini method. In addition, the Damour-Ruffini method is underlying related with two 
different vacua jl09 |. Therefore, it would be interesting to give a further light on the bal- 
ance treatment viewed from the Damour-Ruffini method and two non-equivalent vacua. In 
addition, note also that the thermodynamics on dynamical spacetime is still an open question 
until now. As we know, some methods calculating the Hawking temperature may be invalid 



in the dynamical spacetimes such as the Euclidean method or anomaly method 



67 



thus the tunneling method may be a good tool to investigate the Hawking temperature of the 



dynamical spacetme 37, 



. And more detai 



of dynamical spacetimes could be seen in 



83 



s ab out the research on the thermodynamics 



108]. 



On the other hand, during the calculation of the modified Hawking radiation, we mainly 
focus on researching the underlying contents. As Parikh and Wilczek's original works have 
showed that this modification is underlying consistent with the unitary theory and can 
support the conservation of information, we further show that this modification is also 
underlying correlated with the laws of black hole thermodynamics by taking the general 
R-N black hole and Kerr black hole for examples. And this new relationship may give 
a new insight into the tunneling process. As a simple consequence, it may imply that the 
tunneling method is valid only when the tunneling process is reversible. And if the tunneling 
process is irreversible, the conservation of information may be violated [79]. However, how 
to consider or add the non-equilibrium effects is also an open question and deserves further 
investigations. 
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